Abstract. If a polyhedral complex K has only finitely many isometry types of cells, then all of its cellular isometries are semisimple. If K is 1-connected and non-positively curved, then any solvable group that acts freely by cellular isometries on K is finitely generated and contains an abelian subgroup of finite index.
In this note I shall prove that if a metric polyhedral complex has only finitely many isometry types of cells, then all of its cellular isometries are semisimple (Theorem A). This theorem is a consequence of the results in the first chapter of my thesis [B] , and I ought to have made it explicit at the time. While correcting this oversight, I shall give an application that indicates the utility of Theorem A.
Given an isometry γ of a metric space X, let |γ| = inf{d(x, γ.x) | x ∈ X}. One says that γ is semisimple if there exists x 0 ∈ X such that d(x 0 , γ.x 0 ) = |γ|. Following [B] , we write Shapes(K) to denote the set of isometry classes of cells in a metric polyhedral complex. Theorem B does not extend to the case of semisimple actions on complete, 1-connected, non-positively curved complexes in which Shapes(K) is not finite. For instance the additive rationals act freely and semisimply on a 2-dimensional complex of this type [BH, II.7] .
In the case where K is a smooth manifold, Theorem B is due to Gromoll and Wolf [GW] (see also Lawson and Yau [LY] ). Gromov [G2] was the first to point out that the results of [GW] remain valid beyond the setting of Riemannian manifolds.
The elements of Theorems A and B can be found scattered in my book with André Haefliger [BH] . I was motivated to write this more concise and explicit account by an interesting lecture which JacekŚwiatkowski gave at the Banach Centre in Warsaw in September 1997. In that lecture he described his recent work with Werner Ballmann on foldable cube complexes [BS] , where a special case of Theorem A plays a significant rôle.
Complexes with Shapes(K) finite
We recall what it means to say that K is an M κ -polyhedral complex with Shapes(K) finite. (We refer the reader to [BH, I.7] for a more detailed treatment.)
First one has the set of isometry types of cells, denoted Shapes(K), which are convex polyhedral cells in M n κ , the complete 1-connected manifold of constant sectional curvature κ. The complex K is formed by taking the disjoint union of (perhaps infinitely many) copies of the members of Shapes(K) and then gluing them along isometric faces. It is not assumed that K is locally compact: infinitely many cells may intersect in a given face.
It is proved in [B] that if K is connected and Shapes(K) is finite, then one can make K into a complete geodesic space by defining the distance between two points to be the infimum of the lengths of the paths connecting them, where length is measured in the given metrics on the individual cells. This metric is called the intrinsic metric on K and will be denoted by d K . Also, for each closed cell S ⊂ K we fix an isometry f S : S → S where S ∈ Shapes(K).
The proof of the existence of geodesics given in [B] also establishes the following fact, which is the key to Theorem A (see [B, 1.11] or [BH, I.7 .30]). Given an M κ -polyhedral complex K, model cells S, S ∈ Shapes(K) and points x ∈ S and y ∈ S , we consider the sets of points in K that lie above x and y: X K ={x ∈ K | ∃ isometry f from S to a closed cell in K with f (x) = x} and
Lemma 1. If Shapes(K) is finite, then there exists a constant
Proof. The number of points of X K or Y K that lie in any given closed cell of K is bounded by the maximum of the orders of the isometry groups of the model cells S ∈ Shapes(K). Hence, for each finite subcomplex L ⊂ K, the set of numbers
with equality if and only if some geodesic joining x to y in K is contained in L.
Given
where the union is taken only over those subcomplexes L ⊂ K which can be expressed as the union of at most N closed cells; there are only finitely many such subcomplexes up to cellular isometry, so Σ N is finite.
According to Lemma 1, for every > 0 there exists an integer N such that every geodesic in K of length less than is contained in a subcomplex which is the union of at most N cells. Thus
Proof of Theorem A
Suppose that Shapes(K) is finite and let γ be a cellular isometry of K. We choose a sequence of points x n ∈ K such that d(γ.x n , x n ) → |γ| as n → ∞. Let S n be a closed cell containing x n . Because Shapes(K) is finite, by passing to a subsequence we may assume that all of the S n are the same, equal to S say. Let x n ∈ S be the point such that f Sn (x n ) = x n . By passing to a further subsequence we may assume that the sequence x n converges, to x ∈ S say, as n → ∞.
By assumption, the second term on the right tends to |γ|, and since we obviously
, which tends to 0, we see that the righthand side of the above inequality tends to |γ| as n → ∞. But the value of the term on the left cannot be less than |γ|, so since it has to lie in a discrete set 1 (Lemma 2) we deduce that d K (γ.f Sn (x), f Sn (x)) = |γ| when n is sufficiently large.
In the next section we shall need the following companion to Theorem A.
Proof. Fix > 0. Suppose |γ| ≤ and let x ∈ K be such that d(γ.x, x) = |γ|. Let S be a closed cell containing x. By Lemma 1, there is an integer N depending only on and Shapes(K) such that there exists a subcomplex L ⊂ K that consists of at most N closed cells, contains S and γ.S, and contains a geodesic joining x to γ.x. d K (x, γ.x) = min{d L (y, γ.y) | y ∈ S}, which depends only on the isometry type of L, a choice of two cells from L, and a choice of isometry between these cells. Given
, there are only finitely many such choices.
Proof of Theorem B
Let K and Γ be as in the statement of Theorem B. Following Gromov [G2] , we use the term CAT(0) space to mean a 1-connected geodesic metric space that is non-positively curved in the sense of A.D. Alexandrov.
The Flat Torus Theorem [BH, II.7] implies that if H ∼ = Z n acts freely by semisimple isometries on a complete CAT(0) space X, then there is an H-invariant isometrically embedded m-flat E m → X, where m ≤ n and each h ∈ H acts on this flat as a translation of amplitude |h|. If m < n, then {|h| : h ∈ H} accumulates at 0. So by the Proposition, if X = K and H ⊂ Γ, then m = n ≤ dim K, and hence there is a bound on the rank of free abelian subgroups in Γ.
It also follows from the Proposition that Γ does not contain any infinitely ascending chain of free abelian subgroups of a fixed rank. And because it acts freely, Γ is torsion-free [BH, II.2] . Therefore all abelian subgroups of Γ are finitely generated. But if all of the abelian subgroups of a solvable group are finitely generated, then the group is polycyclic [Se] . Thus we have reduced to the problem of showing that if a polycyclic group acts discretely by semisimple isometries on a complete CAT(0) space, then the group is virtually abelian.
Arguing by induction on the Hirsch length of the group, one sees that a polycyclic group is virtually abelian if and only if it does not contain a subgroup of the form Z n φ Z with φ ∈ GL n (Z) of infinite order. In such a subgroup, infinitely many distinct elements of the normal Z n are conjugate. The translation length |γ| of an isometry of a CAT(0) space is a conjugacy invariant, so if Z n φ Z were to act freely and discretely by semisimple isometries on a CAT(0) space, then in the discrete action of Z n on the n-flat yielded by the Flat Torus Theorem, infinitely many elements of Z n would act as translations of the same amplitude, which is clearly impossible.
Remark. Instead of assuming that the action of Γ is free, one can assume that the isotropy subgroups of the action are finite and of bounded order.
